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We discuss elastic instabilities of the atomic crystal lattice at zero temperature. Due to long-range
shear forces of the solid, at such transitions the phonon velocities vanish, if at all, only along certain
crystallographic directions, and, consequently, the critical phonon fluctuations are suppressed to a
lower dimensional manifold and governed by a Gaussian fixed-point. In case of symmetry-breaking
elastic transitions, a characteristic critical phonon thermodynamics arises that is found, e.g., to
violate Debye’s T 3-law for the specific heat. We point out that quantum critical elasticity is triggered
whenever a critical soft mode couples linearly to the strain tensor. In particular, this is relevant
for the electronic Ising-nematic quantum phase transition in a tetragonal crystal as discussed in the
context of certain cuprates, ruthenates and iron-based superconductors.
PACS numbers: 64.60.F-, 64.70.Tg, 62.65.+k
Quantum fluctuations close to an instability of the
ground state result in fascinating, exotic behavior even
at finite T that is often at odds with conventional prop-
erties of materials [1]. However, most of the recent in-
terest focused on instabilities associated with the elec-
tronic degrees of freedom in metals and insulators [2–4].
In contrast, zero temperature instabilities of the atomic
crystal lattice have attracted much less attention. While
distortive instabilities associated with the softening of
an optical phonon have been studied in the context of
quantum critical paraelectrics [5–7], quantum phase tran-
sitions involving the elastic degrees of freedom, namely
the uniform strains and the acoustic phonons, have re-
mained largely unexplored even though such transitions
are ubiquitous in various phases of matter such as in-
sulators, metals and superconductors. It is the aim of
this work to fill this gap, and to study the critical ther-
modynamics associated with elastic quantum criticality
(EQC).
Elastic classical criticality, i.e., elastic instabilities at
a finite critical temperature Tc have been already stud-
ied and classified by Cowley [8] and Schwabl and col-
laborators [9–12]. These works identified the importance
of shear rigidity, a property that distinguishes crystals
from liquids and gases. This rigidity and the concomitant
long-range forces restrict criticality to an m-dimensional
subspace in a d-dimensional Brillouin zone, with m ≤ d,
making the transitions mean-field type for d = 3 [9, 13].
This physics is also crucial for EQC, setting them apart
from the paradigm of conventional quantum phase tran-
sition, i.e., without any long range forces, involving elec-
trons in metals and insulators [14]. Compared to finite
T elastic transitions, in EQC one needs to take into ac-
count the dynamics of the acoustic phonons. As a result,
we find, for example, that Debye’s T 3-law for the spe-
cific heat Cp = T (∂S/∂T )p is violated in a characteristic
manner close to symmetry-breaking EQC.
The following are our main results. From a study of the
statics and the dynamics of the critical acoustic phonons,
we construct the scaling form of the free energy associ-
ated with all the different universality classes of EQC.
This allows to obtain, besides the specific heat, other
thermodynamic quantities such as the thermal expan-
sion α = (1/V )(∂V/∂T )p, and the ratio Γ = α/Cp. The
latter is a variant of the well-known Gru¨neisen parame-
ter [15], and it can be identified with the relative change
of temperature upon adiabatically changing the pressure,
Γ = 1/(VmT )(∂T/∂p)S with the molar volume Vm. The
quantity Γ has proven useful in the investigation of quan-
tum criticality in general as it necessarily diverges at a
pressure-tuned quantum critical point with characteris-
tic power-laws [17–22]. Note that until now Γ has been
theoretically studied only in situations where the crystal
lattice acts as a non-intrusive probe and itself remains
non-critical. We also derive a general expression for the
exponent θ characterizing the dependence of the transi-
tion temperature Tc(r) ∼ |r|θ on the tuning parameter r
of the quantum phase transition.
According to elasticity theory [23], the macroscopic
stability of the crystal requires that all eigenvalues of the
elastic constant matrix Cijkl be positive. This guarantees
that the acoustic phonon velocities, determined by the
eigenvalues of the dynamical matrix Mik(q) = Cijklqjql
are finite, where q is the phonon momentum. At an elas-
tic transition a specific eigenvalue of Cijkl vanishes and,
depending on the degeneracy of this particular eigen-
value, the strain order parameter is either a singlet, dou-
blet or triplet of the irreducible representations of the
crystal class [8–12]. Importantly, at the instability the
phonon velocity goes to zero only for momenta along cer-
tain high symmetry directions for which the phonon trig-
gers only the critical strain mode. However, for a generic
direction the phonon excites the non-critical strains with
finite elastic constants as well, and consequently their
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2elastic transition constant strain type
orthorhombic → monoclinic c44 ε23 I
orthorhombic → monoclinic c55 ε13 I
orthorhombic → monoclinic c66 ε12 I
tetragonal → orthorhombic c11 − c12 ε11 − ε22 I
tetragonal → orthorhombic c66 ε12 I
tetragonal → mono- or triclinic c44 (ε23, ε13) I+II
hexagonal → mono- or triclinic c44 (ε23, ε13) I+II
Table I: Continuous symmetry-breaking elastic transitions
[8, 9, 11]. Second column: component of the elastic con-
stant matrix in Voigt notation that goes to zero at the tran-
sition; third column: the strain order parameter; fourth col-
umn: type of the transition in the classification of Cowley [8].
Modifications arise for tetragonal crystals with a finite c16.
velocity stays finite at the transition. Thus, elastic crit-
icality can be classified as type 0, I or II depending on
the dimensionality m = 0, 1, 2, respectively, of the crit-
ical phonon subspace [8]. The fact that the phonons
remain non-critical in a (d − m)-dimensional subspace
distinguishes elastic transitions from conventional ones,
for which m = d. In the following we study two types
of EQC, namely those that involve breaking of a point
group symmetry of the unit cell (in which case m = 1, 2),
and those that do not (in which case m = 0).
Symmetry-breaking elastic transitions – If the EQC can
be associated with the breaking of a crystal symmetry,
the strain order parameter assumes a zero expectation
value in the symmetric, undistorted phase. Depending
on the presence or absence of a cubic invariant in the
Landau potential for the order parameter, the transition
is expected to be of first or second order. Of particular in-
terest are second-order transitions that are accompanied
by critical fluctuations which induce unusual behavior at
finite T . In Table I we list the elastic transitions associ-
ated with spontaneous crystal-symmetry breaking. Most
of these transitions are of type I with a strain order pa-
rameter that is a singlet. The exceptions are listed in the
last two rows that possess a doublet order parameter and
are characterized by phonon velocities that vanish within
one- as well as two-dimensional subspaces, i.e., type I and
II, respectively.
The Landau potential for the order parameter ε, being
either a singlet or a doublet, reads
V(ε) = r
2
ε2 +
u
4!
(ε2)2 + σε. (1)
A second-order quantum phase transition obtains for a
positive quartic coupling u > 0 if the tuning parame-
ter r goes to zero, r → 0, at T = 0 and σ = 0. This
occurs when the corresponding elastic constant listed in
the second column of Table I vanishes. The strain in
general couples to an externally applied stress σij . How-
ever, in most of the cases the appropriate σ is a shear
stress. The tuning parameter, r = r(p), will in general
depend on hydrostatic pressure p, which arises from an-
harmonicities that mix the irreducible representations, in
particular, from a third order term that couples the order
parameter ε to the trace of the strain, Vint ∼ tr{εij}ε2.
Decomposing the phonon wavevector, q = (p,k), into
an m-dimensional soft component p and a non-critical
(d−m)-dimensional component k with m = 1, 2 for type
I and II, respectively, the phonon dispersion close to crit-
icality, r → 0+, assumes the anisotropic form [10]
ω2 ∼ rp2 + ap4 + bk2 + . . . (2)
with finite constants a and b, and the dots represent
other terms not relevant for the following discussion.
In order to deal with this anisotropic spectrum, a pos-
sibility is to perform the substitution k2 → k′4. It
amounts to introducing an effective spatial dimensional-
ity deff = m+2(d−m) = 2d−m with d = 3. The resulting
scaling r ∼ p2 and ω2 ∼ p4,k′4 determines the correla-
tion length exponent ν = 1/2 and z = 2, respectively
[24]. As a result of the enhanced effective dimension-
ality deff , the EQC is above its upper critical dimension
deff +z = 8−m > d+c with d+c = 4 for any m = 1, 2 and is
governed by the Gaussian fixed-point, thereby justifying
the above scaling. Evaluating the Gaussian fluctuations
of the critical phonon modes, we find that the resulting
free energy can be cast in the scaling form
Fcr = T
deff+z
z f
( r
T 1/(νz)
)
, (3)
where the function f possesses the asymptotics f(x) =
const. for x → 0 and f(x) ∼ xνdeff−νzd = x−m/2 for
x→∞.
With the help of Eq. (3) the critical phonon thermo-
dynamics is easily derived and summarized in Fig. 1. In
the quantum critical regime (i) in Fig. 1, we find, in
particular, a critical contribution to the phonon specific
heat, Ccr ∼ T 3−m/2, i.e., Ccr ∼ T 5/2 and Ccr ∼ T 2 for
type I and type II transitions, respectively, signalling a
breakdown of Debye’s T 3-law. The volume thermal ex-
pansion, α, is determined by the pressure dependence of
the tuning parameter r so that αcr ∼ T 2−m/2 at r = 0.
The critical Gru¨neisen ratio defined as Γcr = αcr/Ccr
obeys Γcr ∼ 1/T 1/(νz) with νz = 1 as expected from
scaling considerations [17]. In the limit T  r of
regime (ii) in Fig. 1, on the other hand, Debye’s T 3-law
is recovered, however, with a critically enhanced pref-
actor, Ccr ∼ r−m/2T 3. The Gru¨neisen ratio diverges
Γcr =
m
6
1
Vm(p−pc) with a universal prefactor m/6 i.e.,
1/6 and 1/3 for type I and II, respectively, where we
used r(T = 0, p) ∝ p − pc with the critical pressure pc.
Note that the critical phonon signatures vanish with a
relatively high power of T and, in fact, might be sub-
leading, for example, compared to gapless particle-hole
excitations in metals.
We now turn to the discussion of the exponent gov-
erning the phase boundary Tc ∼ (−r)θ near the quan-
3symmetry-
broken phase
T
T ∼ r
(ii)
(i)
0
Tc ∼ (−r)θ
0 r
(i) (ii)
Ccr ∼ T 3−m/2 T 3r−m/2
αcr ∼ T 2−m/2 T 3r−m/2−1
αcr/Ccr ∼ 1/T = m6 1Vm(p−pc)
Figure 1: Left panel: Phase diagram for a symmetry-breaking
elastic quantum phase transition. The tuning parameter r
vanishes for tuning the corresponding elastic constant to zero,
see second column of Table I. The critical phonon thermo-
dynamics exhibits a crossover at T ∼ r giving rise to two
regimes (i) and (ii). The phase boundary, Tc ∼ (−r)θ, is de-
termined by the exponent θ, see text. Right panel: Critical
phonon specific heat Ccr, phonon thermal expansion αcr and
Gru¨neisen ratio in the regimes (i) and (ii) for pressure tuning
r(T = 0) ∝ p− pc; m = 1, 2 for type I and II, respectively.
tum critical point in Fig. 1. It is determined by the
perturbative renormalization of the tuning parameter,
r → R(T ) = r + δr(T ), that induces a T -dependence,
and R(Tc) = 0. For metals one generically expects a
temperature dependence δr ∼ T 2 so that Tc ∼
√−r and
θ = 1/2. The situation is more interesting for solids
where the phonons provide the leading contribution to
thermodynamics, e.g. insulators or fully gapped super-
conductors. In this case, the renormalization of r is de-
termined by the self-interaction of critical phonon degrees
of freedom. An explicit calculation, presented in the sup-
plementary information (SI), yields θ = 26−m . The m = 1
result agrees with a previous calculation in the context
of quantum critical piezoelectric ferroelectrics [6].
Tetragonal-to-orthorhombic transition – As an illustra-
tion of a particular example, we discuss in some further
detail the tetragonal-to-orthorhombic transition which is
described by the order parameter ε11−ε22, see Table I. In
this case, the critical phonon becomes soft for momenta
along diagonals in the q1-q2 plane, i.e., q ∝ (1,±1, 0),
and the critical manifold is thus one-dimensional corre-
sponding to type I with m = 1. For finite but small
deviations from the q1 = q2 manifold the critical phonon
dispersion is given by, see SI,
ρω2(q) ≈ (4)
c11 − c12
2
q2+ +
2c11 + 2c12 + c66
4
q2− +
c44
4
q23 + aq
4
+.
Here q± = (q1 ± q2)/
√
2, and |q+|  (|q3|, |q−|), and ρ is
the ionic mass density. As c11−c12 → 0 at the transition,
the dependence on q+ is determined by the last term
aq4+ that derives from higher order terms of the strain
potential. In the vicinity of the second critical manifold
q1 = −q2 the dispersion is obtained by interchanging
q+ ↔ q− in the above. Importantly, the dispersion in
other directions does not soften and remains non-critical
as the remaining elastic constants stay finite.
An interesting aspect of this particular transition is
that the tetragonal symmetry can also be explicitly bro-
ken by σ = (p2 − p1)/2, where pi is the uniaxial pres-
sure along the i = 1, 2 direction. This is reflected in
the linear thermal expansion βi = −(1/Vm)(∂S/∂pi)T .
Whereas the sum β1 + β2 is expected to show simi-
lar behavior as the volume thermal expansion, α, the
uniaxial thermal expansion, defined by the difference
βσ ≡ β2 − β1 = −(1/Vm)(∂S/∂σ)T , is more singular.
Minimization with respect to the order parameter yields
ε = −σ/r in the linear regime of small |σ| √r3/u, and
ε ∼ σ1/3 in the non-linear regime of large |σ| √r3/u.
Taking the renormalization r → R(T ) into account, one
obtains in the former case βcrσ ∼ σ∂T (1/R(T )). The
resulting T -dependence is singular in regime (i) with
βcrσ ∼ σT−(1+1/θ), where the exponent θ was introduced
earlier, while in regime (ii) βσ is analytic in T . In
the non-linear regime of σ and small temperatures, on
the other hand, the effective modulus is determined by
reff = ∂
2
εV ≈ u2 ε2 ∼ σ2/3 and βcrσ ∼ T 3(∂(r−1/2eff )/∂σ) ∼
T 3σ−4/3. The accompanying uniaxial Gru¨neisen ratio at
r = 0 diverges βcrσ /Ccr = 1/(9Vmσ) with the universal
prefactor 1/9 as σ is reduced.
Isostructural elastic transitions – The remaining elas-
tic transitions not listed in Table I are generically not of
second order. Exceptions are specific points in the phase
diagram where the symmetry is enhanced by additional
fine-tuning, and particular interesting examples of this
class are isostructural transitions. Here, the expectation
value of a certain singlet representation, ε, of the strain
tensor which is itself invariant under all crystal symme-
try operations, changes in a critical manner. An example
is the isostructural volume collapse transition in a cubic
crystal where the singlet, ε = tr{εij}, represents fluctua-
tions of the volume,
∫
V
drε(r) = δV .
The corresponding Landau potential generally con-
tains all powers of ε. The cubic term, however, can be
made to vanish by appropriately shifting ε→ ε+ ε0 by a
constant ε0 so that the potential assumes the same form
as that of Eq. (1), V(ε) = r2ε2 + u4!ε4 − hε, where h is to
be identified, though, with an additional tuning parame-
ter. In order to reach the second-order quantum critical
point both parameters, h and r, must then be tuned to
zero at T = 0, for example, as a function of an external
field F and pressure p. The criterion h(F, p) = 0 and
r(F, p) < 0 defines a line of first-order quantum phase
transitions in the (F, p) phase diagram between isostruc-
tural solids characterized by different expectation values
of ε. This line terminates in a second-order quantum crit-
ical endpoint (QCEP) at a critical field, Fc, and pressure,
pc, with h(Fc, pc) = r(Fc, pc) = 0, see Fig. 2.
At this solid-solid quantum critical point a true mean-
field transition occurs without critical microscopic fluc-
tuations. Due to the high symmetry of the order param-
eter ε, the isostructural transitions are all of type 0 in
4QCEP
pc
F
h
T
Fc
p
r
0
Figure 2: Phase diagram with a solid-solid QCEP. A line of
first-order solid-solid quantum phase transitions and a line of
finite temperature, T , second-order transitions meet at the
QCEP and enclose a surface of first-order transitions at finite
T (shaded area).
the Cowley classification with the entire phonon sector
being non-critical. This peculiar aspect is rooted in the
presence of shear moduli that, in particular, distinguishes
the solid-solid QCEP from the liquid-gas analogue.
A hallmark of solid-solid endpoints is the breakdown
of Hooke’s law. Minimizing the potential at r = 0
one obtains ε ∼ h1/3 ∝ (p − pc)1/3 at the critical field
h(Fc, p) ∝ p − pc resulting in a non-linear strain-stress
relation with mean-field exponent 1/δ = 1/3 and a di-
vergent compressibility ∂pε ∼ |p− pc|−2/3. The resulting
energy depends non-analytically on the tuning parameter
h, Vmin ∼ |h|4/3. However, due to the absence of critical
microscopic fluctuations there is no diverging correlation
length, and, as a consequence, the usual scaling hypoth-
esis for critical phenomena is not applicable. As a result,
the thermodynamics at finite T for a solid-solid QCEP
is non-universal and depends on the T -dependence of
the tuning parameters, e.g., h = h(p, F, T ), induced by
non-critical degrees of freedom. Setting h(p, F, T ) =
h0(p, F ) + aT
x, with e.g. x = 2 for a metal, one obtains
at r = 0 a critical contribution to the specific heat and
thermal expansion, Ccr/T = −∂2TVmin ∼ |h0|1/3T x−2
and αcr = ∂T∂pVmin ∼ T x−1|h0|−2/3, respectively, for
T → 0. The critical Gru¨neisen ratio in this limit is given
by Γcr = αcr/Ccr =
1
3(x−1)
1
Vm(p−pc) for h0 ∝ p − pc and
the prefactor now depends on x.
Influence of disorder – We briefly comment on the in-
fluence of disorder on EQC. Usually, one distinguishes
the effect of random mass and random field disorder de-
scribing disorder configurations that, respectively, pre-
serve or explicitly break the symmetry associated with
the order parameter, see Ref. [25] for a review in the
context of structural transitions. In case of symmetry-
breaking EQC the importance of the former is decided
by a modified Harris criterion. Due to the enhanced spa-
tial correlation volume ξdeff with deff = 6 −m, random
mass disorder is irrelevant or marginal for m = 1, 2, re-
spectively, as 2 ≤ deffν = (6−m)/2. On the other hand,
random field disorder, if present, is relevant and is ex-
pected to modify the criticality [26].
Linear coupling to soft, electronic modes – Besides be-
ing of fundamental interest, the notion of EQC is actu-
ally relevant whenever a critical mode Φ, e.g., of elec-
tronic origin, couples linearly to strain, Lint = γ1Φε.
In this case, the elastic moduli obtain a strong per-
turbative renormalization by the critical susceptibility
δC ∼ γ21〈ΦΦ〉 that is singular by definition and drives
the crystal unstable. Upon approaching the phase tran-
sition, a crossover to elastic criticality occurs when this
renormalization becomes of the same order as the elastic
moduli themselves. For classical elastic criticality, this
is well-known [27, 28] and has been experimentally con-
firmed for the classical metaelectric endpoint in KH2PO4
[29]. The Mott endpoint at finite T is also governed by
critical elasticity [30]. Such a crossover to elastic critical-
ity is also expected for the quantum case.
A crossover to a symmetry-breaking EQC should oc-
cur whenever an electronic order parameter Φ breaks a
point-group symmetry of the crystal. This is in particu-
lar the case for Ising-nematic ordering associated with
a Pomeranchuk instability of a Fermi surface [31] de-
scribed by the order parameter Φ = Ψ†(∂21−∂22)Ψ, where
Ψ† and Ψ are fermionic creation and annihilation oper-
ators, respectively. Such a transition that breaks dis-
crete rotation symmetry of a Fermi surface has been dis-
cussed for the ruthenates, the cuprates, and, recently, for
the Fe-based superconductors [32]. In a tetragonal crys-
tal the order parameter Φ generically couples linearly
to the strain component ε11 − ε22, thereby triggering
a tetragonal-to-orthorhombic elastic transition. Such a
structural transition, and the associated quantum phase
transition are currently being studied in systems such as
Ba(Fe1−xCox)2As2 and FeSe tuned by pressure. In these
systems, even if the primary order parameter Φ is of elec-
tronic origin [33–37], the resulting quantum criticality is
eventually governed by the long-range shear forces of the
crystal with the concomitant critical phonon thermody-
namics as presented in Fig. 1 [38], provided the transi-
tion itself stays continuous [39]. Similarly, a crossover to
a solid-solid QCEP is expected whenever the order pa-
rameter couples linearly to a strain component that is in-
variant under point group operations. Examples of such
cases include the metaelectric and metamagnetic QCEP
[40, 41], as well as the Kondo volume collapse transition
at T = 0 [42, 43].
Summary – We studied all the different universality
classes of elastic transitions of a crystalline lattice at zero
temperature, namely, those that break point-group sym-
metries spontaneously and solid-solid quantum critical
endpoints. Elastic quantum criticality is triggered when-
ever the order parameter couples linearly with strain.
Consequently, they are relevant for studying a wide range
of correlated electron systems such as the ruthenates,
cuprates and certain Fe-based superconductors.
We acknowledge helpful discussions with A. Cano and
5A. Rosch. This work is supported by the DFG grant
FOR 960.
[1] S. Sachdev and B. Keimer, Physics Today 64, 29 (2011).
[2] H. v. Lo¨hneysen, A. Rosch, M. Vojta, and P. Wo¨lfle, Rev.
Mod. Phys. 79, 1015 (2007); P. Gegenwart, Q. Si, and F.
Steglich, Nature Physics 4, 186 (2008).
[3] S. Sachdev, Nature Physics 4, 173 (2008).
[4] T. Giamarchi, C. Ru¨egg, and O. Tchernyshyov, Nature
Physics 4, 198 (2008).
[5] see, e.g., A. B. Rechester, Sov. Phys. JETP 33, 423
(1971); D. E. Khmelnitskii and V. L. Shneerson, Sov.
Phys. JETP 37, 164 (1973); R. Roussev and A. J. Millis,
Phys. Rev. B 67, 014105 (2003); L. Palova, P. Chandra,
and P. Coleman, Phys. Rev. B 79, 075101 (2009).
[6] A. Cano and A. P. Levanyuk, Phys. Rev. B 70, 064104
(2004).
[7] S. E. Rowley et al. Nature Physics 10, 367 (2014).
[8] R. A. Cowley, Phys. Rev. B 13, 4877 (1976).
[9] R. Folk, H. Iro, and F. Schwabl, Z. Phys. B 25, 69 (1976).
[10] R. Folk, H. Iro, and F. Schwabl, Phys. Rev. B 20, 1229
(1979).
[11] F. Schwabl, ”Modern Trends in the Theory of Condensed
Matter” (Springer Berlin Heidelberg) 115, 432 (1980).
[12] F. Schwabl and U. C. Ta¨uber, Phil. Trans. R. Soc. Lond.
A 354, 2847 (1996).
[13] J. T. Chalker, Physics Letters A 80, 40 (1980).
[14] S. Sachdev, Quantum Phase Transitions (Cambridge
University Press, 2nd edition, Cambridge, 2011).
[15] The parameter introduced by Gru¨neisen [16] is γ =
−(V/T )(∂T/∂V )S = α/(CV κT ) describing the relative
change of temperature upon adiabatically changing the
volume, where CV = T (∂S/∂T )V and the isothermal
compressibility κT = −(1/V )(∂V/∂p)T .
[16] E. Gru¨neisen, Annalen der Physik, 331 393 (1908).
[17] L. Zhu, M. Garst, A. Rosch, and Q. Si, Phys. Rev. Lett.
91, 066404 (2003).
[18] R. Ku¨chler et al. Phys. Rev. Lett. 91, 66405 (2003).
[19] M. Garst and A. Rosch, Phys. Rev. B 72, 205129 (2005).
[20] P. Gegenwart et al. J Low Temp Phys 161, 117 (2010).
[21] H. v. Lo¨hneysen, A. Rosch, M. Vojta, and P. Wo¨lfle, Rev.
Mod. Phys. 79, 1015 (2007).
[22] P. Gegenwart, Q. Si, and F. Steglich, Nat Phys 4, 186
(2008).
[23] see, e.g., L. D. Landau and E. M. Lifshitz, Theory of
Elasticity (Pergamon Press, Oxford, 1970).
[24] We implicitly assumed the critical phonons to be ballis-
tic. The acoustic phonon attenuation in a metal is weak
(and even weaker in a BCS superconductor). This is in
contrast to quantum criticality in metals where the order
parameter is typically overdamped.
[25] A. D. Bruce and R. A. Cowley, Adv. Phys. 29, 219
(1980).
[26] Y. Imry, J. Stat. Phys. 34 849 (1984).
[27] A. P. Levanyuk and A. A. Sobyanin, JETP Lett. 11, 371
(1970).
[28] J. Villain, Solid State Comm. 8, 295 (1970).
[29] E. Courtens, R. Gammon, and S. Alexander, Phys. Rev.
Lett. 43, 1026 (1979).
[30] M. Zacharias, L. Bartosch, and M. Garst, Phys. Rev.
Lett. 109, 176401 (2012).
[31] see, e.g., V. Oganesyan, S. Kivelson, and E. Fradkin,
Phys. Rev. B 64, 195109 (2001); W. Metzner, D. Rohe,
and S. Andergassen, Phys. Rev. Lett. 91, 066402 (2003);
J. Rech, C. Pe´pin, and A. V. Chubukov, Phys. Rev. B 74,
195126 (2006); M. Zacharias, P. Wo¨lfle, and M. Garst,
Phys. Rev. B 80, (2009); M. Garst and A. V. Chubukov,
Phys. Rev. B 81, 235105 (2010); M. A. Metlitski, and
S. Sachdev, Phys. Rev. B 82, 075127 (2010); H. Yamase
and R. Zeyher, Phys. Rev. B 88, 180502(R) (2013).
[32] E. Fradkin, S. A. Kivelson, M. J. Lawler, J. P. Eisenstein,
and A. P. Mackenzie. Annual Reviews of Condensed Mat-
ter Physics 1, 153 (2010).
[33] I. I. Mazin and J. Schmalian, Physica C 469, 614 (2009).
[34] Y. Qi and C. Xu, Phys. Rev. B 80, 094402 (2009).
[35] A. Cano, M. Civelli, I. Eremin, and I. Paul, Phys. Rev.
B 82, 20408 (2010).
[36] R. M. Fernandes, A. V. Chubukov, and J. Schmalian,
Nat. Phys. 10, 97 (2014).
[37] J. C. Davis and P. J. Hirschfeld, Nat. Phys. 10, 184
(2014).
[38] Details of the crossover from quantum critical electronic
nematicity to critical elasticity will be presented else-
where.
[39] for the possibility of fluctuation driven first-order tran-
sition, see, e.g., Y. Kamiya, N. Kawashima, and C. D.
Batista, Phys. Rev. B 84, 214429 (2011); R. M. Fernan-
des, S. Maiti, P. Wo¨lfle, and A. V. Chubukov, Phys. Rev.
Lett. 111, 057001 (2013).
[40] A. J. Millis, A. J. Schofield, G. G. Lonzarich, and
S. A. Grigera, Phys. Rev. Lett. 88, 217204 (2002).
[41] M. Zacharias and M. Garst, Phys. Rev. B 87, 075119
(2013).
[42] M. Dzero, M. R. Norman, I. Paul, C. Pe´pin, and J.
Schmalian, Phys. Rev. Lett. 97, 185701 (2006); Phys.
Rev. Lett. 104, 119901 (2010).
[43] A. Hackl and M. Vojta, Phys. Rev. B 77, 134439 (2008).
6SUPPLEMENTARY INFORMATION FOR “QUANTUM CRITICAL ELASTICITY”
AN EXAMPLE: TETRAGONAL TO ORTHORHOMBIC TRANSITION
The purpose of this section is to supplement the general discussion of the main text by examining in detail, as an
illustrative example of an elastic instability, a three dimensional lattice undergoing a tetragonal to an orthorhombic
transition (noted in the fourth row in Table I of main text). This transition has been discussed in the context of the
cuprates, bilayer ruthenates, and more recently for certain iron based superconductors such as Ba(Fe1−xCox)2As2
and FeSe tuned by pressure. In particular, our goal is to derive Eq. (4) of the main text for this transition, which
is a special case of the more general Eq. (2). Furthermore, we provide details of the calculation of the temperature
dependence of the critical tuning parameter r, which governs the exponent θ, and to show that δr(T ) ∝ T 5/2 for such
an instability.
Model & dispersion of the critical mode
The most general elastic free energy compatible with tetragonal symmetry is given by
FE =
c11
2
(
ε211 + ε
2
22
)
+
c33
2
ε233 +
c44
2
(
ε213 + ε
2
23
)
+
c66
2
ε212 + c12ε11ε22 + c13 (ε11 + ε22) ε33 + · · · (5)
Here εij ≡ (∂iuj + ∂jui)/2, with (i, j) = (1, 2, 3) are the strains, the vector u denotes displacement from equilibrium,
and c11 etc. denote elastic constants in Voigt notation. The ellipsis denote terms involving higher powers of εij , as
well as those involving gradients of the strains.
The dynamical matrix Mˆ(q) is defined by the relation F
(2)
E ≡ u∗i (q)Mij(q)uj(q)/2, where summation over repeated
indices is implied, and F
(2)
E is the quadratic part of the free energy involving the uniform strains. We get M11 = c11q
2
1 +
c66q
2
2/4+c44q
2
3 , M22 = M11(q1 ↔ q2), M33 = c33q23 +c44(q21 +q22)/4, M12 = (c12 +c66/4)q1q2, M23 = (c13 +c44/4)q1q3,
M23 = M13(q1 ↔ q2). We write u(q) =
∑
µ Uq,µnq,µ, where nq,µ are the polarization vectors, Uq,µ are the associated
displacements at q, and µ = (α, β, γ) is the polarization index. The eigenvalue equation Mˆ(q)nq,µ = ρω
2
q,µnq,µ, with
the ionic mass density ρ, defines the (bare) phonon dispersions ωq,µ.
In the model defined by Eq. (5) the critical modes (for which the velocities vanish) are restricted on the q3 = 0 plane,
along the two lines q1 = ±q2. Thus, the critical manifold is one-dimensional (i.e., m = 1). It is easy to diagonalize
Mˆ on this manifold. For q1 = q2, q3 = 0 we obtain that the critical polarization vector is nα = (1,−1, 0)/
√
2 with
the eigenvalue ρω2q,α = (c11 − c12)q2+/2, where q+ ≡ (q1 + q2)/
√
2. Note that, the phonon velocity vanishes at the
tetragonal to orthorhombic transition where c11 − c12 → 0. On this line the non-critical polarization vectors are
nβ = (1, 1, 0)/
√
2 and nγ = (0, 0, 1) with eigenvalues ρω
2
q,β = (c11 + c12 + c66/2)q
2
+ and ρω
2
q,γ = c44q
2
+/4 respectively.
Note that, for these polarizations the phonon velocities stay finite at the instability. On the other hand, along the
line q1 = −q2, q3 = 0 we obtain that the critical polarization vector is nβ with the eigenvalue ρω2q,β = (c11− c12)q2−/2,
where q− ≡ (q1 − q2)/
√
2. It is easy to check that for all other q the velocities of all the three acoustic phonons stay
finite at the transition.
One can also diagonalize Mˆ perturbatively for small deviations from the two critical directions. Around the q1 = q2,
q3 = 0 line, and for q+  (q−, q3), the critical phonon dispersion is given by
ρω2q,α ≈
c11 − c12
2
q2+ +
2c11 + 2c12 + c66
4
q2− +
c44
4
q23 + aq
4
+, (6)
where the aq41 term, obtained from the dependence of FE on the gradient of the critical strain (not shown explicitly
in Eq. (5)), has been added by hand. This is Eq. (4) in the main text. At criticality c11 − c12 = 0, and aq41 gives the
lowest order q1-dependence of the dispersion. The important point here is that, since the remaining elastic constants
are finite at the tetragonal to orthorhombic instability, in this particular example (q−, q3) are non-critical momenta,
and they scale as two powers of the critical one, i.e., (q−, q3) ∼ q2+. This eventually leads to an effective spatial
dimension deff = 2d −m = 5, and the dynamical critical exponent z = 2 (since frequency ω ∼ q2+). Thus, Eq. (6)
provides a concrete example of Eq. (2) of the main text. A similar expression can be obtained for the dispersions
around the second critical line q1 = −q2, q3 = 0 for which q+ ↔ q−, and its presence simply gives a factor two to the
critical free energy.
7T -dependence of r(T )
For tetragonal to orthorhombic transition the critical tuning parameter r is the orthorhombic elastic constant
(c11 − c12)/2. At quantum criticality its T -dependence is generated by the non-linear terms of the free energy.
Denoting these contributions as F
(>2)
E , the symmetry-allowed lowest order non-linear terms are
F
(>2)
E = u3ε
2
oεv + u4ε
4
o. (7)
Here εo ≡ ε11 − ε22 is the critical strain, εv ≡ Tr(εˆ) is the striction term measuring change in the volume of the
elastic system, and (u3, u4) are coupling constants. In the following we show that both the cubic and the quartic
couplings lead to T 5/2 dependence of r. For this we consider the vicinity of the critical manifold qz = 0, q1 = q2 (the
contribution of the second critical line simply doubles the critical contribution). Keeping track of only the critical
polarization we write u(q) = Uq,αnq,α+ · · · , with the ellipsis denoting the non-critical contributions. In Fourier space
q = (q1, q2, q3) the strains εo and εv can be expanded as
εo = q+Uq,α + · · · , and εv = q−Uq,α + · · · . (8)
The T -dependence from the cubic coupling is given by (ignoring numerical pre-factors)
δr(3)(T ) = u23〈ε2oε2v〉 = u23
1
β
∑
ωn
∫
d3qq21q
2
2Dα(q, iωn)
2 ∝ T (12−m−3z)/z. (9)
Here Dα(q, iωn) = (ω
2
n+ω
2
q,α)
−1 is the critical phonon propagator, with bosonic Matsubara frequency ωn, ωq,α given
by Eq. (6), and β is inverse temperature. The final T -dependence is obtained simply from power counting. Similarly,
the contribution of the quartic coupling is
δr(4)(T ) = u4〈ε2o〉 = u4
1
β
∑
ωn
∫
d3qq21Dα(q, iωn) ∝ T (8−m−z)/z. (10)
Note that, the power counting argument and the above two equations hold as well for m = 2 transitions. Since,
typically z = 2, both the above contributions give T (6−m)/2 dependence. For gapped systems this translates into an
exponent θ = 2/(6−m) which governs the finite temperature phase boundary via Tc(r) ∼ |r|θ. For m = 1 our result
matches with that of A. Cano and A. P. Levanyuk in Phys. Rev. B 90, 064104 (2004) that was obtained using a
different method in the context of quantum critical piezoelectric ferroelectrics. However, they considered only the
cubic coupling, and not the quartic one.
